arXiv:math/0503315v3 [math.QA] 10 Jan 2006 


Combinatorics and Geometry 
of Higher Level Weyl Modules 

B. Feigin, A.N. Kirillov, and S. Loktev 

Abstract. A higher level analog of Weyl modules over multi-variable currents 
is proposed. It is shown that the sum of their dual spaces form a commutative 
algebra. The structure of these modules and the geometry of the projective 
spectrum of this algebra is studied for the currents of dimension one and two. 
Along the way we prove some particular cases of the conjectures in iFLil and 
propose a generalization of the notion of parking function representations. 


Introduction 

Let us start from some geometrical background. The Borel-Weyl theorem 
provides a construction of finite-dimensional representations of a simple Lie algebra 
in spaces of sections of line bundles on the corresponding flag variety. This theorem 
can be generalized for affine algebras, but the affine flag varieties are infinite¬ 
dimensional and it is not so convenient to work with them. One approach is to 
treat this variety as a limit of finite-dimensional Schubert subvarieties. And the 
space of sections of those line bundles on these subvarieties are known as Demazure 
modules. 

The affine Demazure modules are well studied (see iKMOTTJf . mn\ . IS]), but 
there was a lack of construction for such modules, which are not bases on infinite¬ 
dimensional representation theory. Now it appears ( \cn . ffsrnn that for the 
simply-laced case the level one Demazure modules are isomorphic to the classical 
Weyl modules introduced in EEEJ Then the higher level Demazure modules can 
be constructed in a standard way (See Section 1.1 and Section 2). 

Another construction, based on the fusion product introduced in wm , is 
related to the tensor product structure as a module over constant currents (see 
EEQ for Weyl modules and rpyrm for Demazure modules). Here we show that 
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in the simply-laced case the fusion product of irreducible representations produces 
the Demazure modules (see ED, IFoLi21 for the level one case). 

In Hl2l an analog of Weyl modules for multi-dimensional currents was intro¬ 
duced. It can be considered as a candidate for level one Demazure modules over 
the multi-dimensional current algebra. Here we construct higher level Weyl mod¬ 
ules that pretend to be Demazure modules of arbitrary level. In particular, their 
dual spaces form a commutative algebra, whose spectrum can be considered as a 
multi-dimensional analog of a corresponding Schubert variety. 

In the case of double affine (toroidal) algebras things become exciting. Recall 
that the toroidal algebra is the universal central extension of 0 <g> C[x, a; , y, y _1 ]. 
An analog of level one integrable representations (and their quantum version) was 
introduced in EH, mm 

Weyl modules are also studied for that case in [FL2l . SFL3] , For g = sl r its 
structure was established for the weights, proportional to the weight of vector repre¬ 
sentation, and a conjecture for other weights was proposed. Since the construction 
in |FPj is pretty similar to given in IW1 . I5TU1 . we are convinced that the 
Weyl modules over two-dimensional polynomial ring are isomorphic to g < 8 > C[x, y)- 
submodules of that toroidal modules. So the Weyl modules can be considered as 
an analog of level one Demazure modules also in toroidal settings. Moreover, in 
wm an action of the universal central extension of g ® C[x, x , y) on the limits 
of Weyl modules is proposed. We expect that these limits are just the restriction 
of the corresponding toroidal modules to g <g> C[a;, x~ x ,y}. 

Recall that in jfFL3] we construct gl r ® C[x, y]-modules from cyclic modules 
over gl r 8> Bn, where Bn is the associative algebra of upper-triangular TV x TV 
matrices. Note that gl r (g> Bn is isomorphic to a parabolic subalgebra p C glNr , 
so we can obtain such representations from the spaces of sections of p-equivariant 
bundles. Namely, suppose we have a line bundle on a closure of a p-orbit. Then 
the space, dual to its section, is a cyclic representation of p, so we can produce a 
representation of gl r (g) C [x,y\ from it. And our conjecture is that the higher level 
Weyl modules can be obtained in this way from Schubert varieties. 

We start Section 1 from some general notion and constructions. Namely, we 
introduce higher level cyclic modules and a structure of commutative algebra on 
their dual spaces. Then we discuss geometry of the spectrum of this algebra and 
propose some useful examples. At the end of the section we recall the definition of 
Weyl modules. 

In Section 2 we discuss in more detail higher level Weyl modules and fusion 
modules over one-dimensional currents with values in a simply-laced simple Lie 
algebra. Here we relate them each to other as well as to Demazure modules. In sir- 
case we construct each higher level Weyl module as a fusion module as well as a 
Demazure module. 

In Section 3 we proceed to two-dimensional currents. Here we relate the higher 
level Weyl modules to the coordinate ring of the usual Schubert varieties in a 
Grassmann variety, using the deformation of Weyl modules proposed in [FL3| . 
Also we introduce a higher level generalization of the parking function notion. 
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1. Generalities 

Recall that a module, generated by a single vector, is called a cyclic module 
and this vector is called a cyclic vector. 

1.1. Higher level modules. 

Definition 1.1. Let W be a cyclic module over a Lie algebra a generated 
by a fixed cyclic vector w. Introduce the module as the submodule of W® k 
generated by w® k 

Proposition 1.2. Suppose Wo is a quotient ofW, fix the image wq of w as 
the cyclic vector in Wo- Then is a quotient ofW^. 

PROOF. We have the natural map of modules W® k —> W® k sending w® k to 
w® k . Then the image of is the submodule of W® fe , generated by wf k , that is 

wf 1 . □ 

Now suppose that the action of a on W is extended to an action of a corre¬ 
sponding connected Lie group A. 

Proposition 1.3. We have is the A -submodule in W® k generated by 

w ®k 

PROOF. Proceeding to the tangent spaces, we obtain that this ,4-submodule 
contains . On the other hand, since A is generated by the image of the exponent 
map, we have the inverse inclusion. □ 

1.2. Multiplication. Note that we have the natural inclusion 

m klM : W [kl+k2] ^ W [kl] ®W [k2] 
of subspaces in W® ( - kl+k2 ' > . 

Proposition 1.4. Let = © fc>0 (W [fc l)*, where W l ° 1 = C. The map 
m* = 0 m* klM : W w <g> W [ * ] -► W w 

k\ ,&2 

defines a structure of commutative algebra on . 

Proof. Let mk lt k 2 ,k 3 '■ W ^ kl+k2+k3 1 <S> W^- k2 ^ <8 be the similar 

inclusion. Then we have 

rn fe 1 ,fe 2 +fc 3 ( 1 ® m fc 2 ,fe 3 ) = "IfcLfcj.fca = m k 1 +k 2 ,k 3 ( m kuk 2 ® !)• 

So m*(l (g> m*) = m*(m* <8 1), that is associativity. □ 

We can also view the algebra IfW as the coordinate ring of the projective 
variety Proj (l^W). 

Suppose that a is the Lie algebra of a connected Lie group A acting on W. Let 
0(k) be the line bundles on P{W) formed by homogeneous polynomials of degree 
k. Consider the .4-orbit of C w in the projective space P(W). Note that the closure 
A f w of this orbit is algebraic. 

Proposition 1.5. We have Proj (VPW) = A f w and W = T(J\f w ,0(k))* as 
A-modules. 



4 


B. FEIGIN, A.N. KIRILLOV, AND S. LOKTEV 


Proof. First we have the natural isomorphism ev : S k (W ) —y r(P(VF), O(k))*. 
Here ev(u® k ) evaluate the sections at the point Cu £ P(W), and S k (W) is spanned 
by such vectors. 

The space T(Af w , 0(k)) is the quotient of Y(P(W) : 0{k)) by the subspace of 
sections vanishing at J\f w . On the other hand, taking into account Proposition ^^ 
we have is the subspace of S k (W) spanned by u® k with <Cu £ Af w (we can 
proceed to the closure because any linear subspace is closed). So they are dual each 
to other. 

Concerning the multiplication, due to the action of a the maps mk lt k 2 are 
uniquely defined by the image of w® k . And for 71 £ 0(k\), 72 £ Ofa) we have 
ev(w® k )( 71 • 72 ) = ev(w® kl )( 71 ) ev{w® k2 ){ r ) 2 )- Since the multiplication of sections 
is also equivariant, we have an isomorphism of algebras. □ 

1.3. Examples. 

Example 1.6. Let a = g be a simple Lie algebra, let V(X) be the irreducible 
finite-dimensional representation with highest weight A. Fix the highest weight 
vector in E(A) as the cyclic one. Then E(A)[ fc l = V(k\) and Proj (V(A)W) is 
known as a generalized flag variety of the corresponding group G (that is the usual 
flag variety if A is big enough). 

Example 1.7. Let a = b c g be the Borel subalgebra (that stabilizes the 
highest weight vector). For an element w of the Weyl group introduce the extremal 
vector v w £ V (A) as the vector with the weight obtained from the highest weight 
by the action of w. This vector is defined uniquely up to multiplication by a scalar. 

Take u w as the cyclic vector of K W (A) = U( b)u w C V(X). Then we have 
K w (A)[ fe ] = V Vm (kX) and Proj (K w (A)W) is known as a Schubert subvariety of the 
generalized flag variety. 

Note that these varieties are well-defined and the same situation holds for affine 
Lie algebras. 

Example 1.8. Let g = g/ r , Take A = u n , that is the n-th fundamental weight, 
so V(A) = A n V, where V is the r-dimensional vector representation of g l r . Then 
Proj (P(A)M) is the Grassmann variety Gr(n, r) formed by n-dimensional planes 
in C r . The restriction of 0(1) to Gr(n,r) is dual to the determinant bundle with 
stalks A n P over each plane P. 

Choose a basis vi,...,v r in V, then fix the Borel subalgebra b of upper 
triangular matrices mapping each 17 to a linear combination of Vj with j < i. 
Then extremal vectors in A n V are just monomials of the form v v = v Vl A • • ■ A v Vn , 
rj 1 < ••• < r] n . The corresponding Schubert subvariety S h v = Proj (V Vri (u> n )W) 
consists of planes, whose intersection with (vi,V 2 , ■ ■ ■ v rH ) has dimension at least i 
for all * = 1 ... n. 

1.4. Cyclic adjoint module. Suppose we have an increasing filtration on 
the Lie algebra a: F a a C F 1 a C .... Then it can be extended to the filtration 
F°U(a) C FH7(a) C .... 

For a cyclic module W introduce the filtration and the adjoint graded space 
F l c W = (F i U(d))w, gr C W = 0 F^W/F^W. 


Then gr C W is a module over grA. 
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For u € W by u denote the corresponding vector in gv c W. Fix w as a cyclic 
vector in gr C W. 

Proposition 1.9. We have (gr c W)^ is a quotient of gr c W^. 

Proof. First let us construct a map 

P : gr C WW - (gr c W)® k . 

We have _ 

C E F£W ® ■■-®F£W. 

ill- Hn=i 

As 

(FgW 0 • •• 8 ) F£ W)n(^F§W 0 ■ ■■ ®F l c n w) = F” in(il,i ' l} W( 8 >- • - 0 )F% inlin ' i * ) W, 
it gives a map 

F^W^ —*• © grgW 0 ••*®grj?W, 

ill-Mn=i 

where gr^W = F^W/F£r 1 W . As the image of under this map is zero, 

we obtain the map p. 

Note that p(w® k ) = wJ® fc , so the image of p is (gr C W)^ and we have the 
statement of the proposition. □ 

1.5. Weyl modules. Let 0 be a reductive Lie algebra. Choose a Cartan and a 
Borel subalgebra f) C b C 0 . In this paper we consider mainly a = 
and the following class of modules. 

Definition 1.10. For a weight A : b —^ f) —> <C let W d (X) be the maximal 
finite-dimensional module over 0 0 Cfx 1 ,..., x d ] generated by w\ such that 

(1.1) (0 0 P)w\ = \(g)P(0)w x for g G b. 

By maximal we mean that any finite-dimensional module generated by w\ is a 
quotient of W d ( A). 

In IFC21 it is shown that W d ( A) exists and that it is non-trivial for a dominant 
A. Also it is shown there that W d { A) is graded as 0 0 Cfx 1 ,..., x d ]-module, that 
is we have 

W d (X) = © W d (X) il ’-’ id , 

ii,...,id>0 

where W d ( A) n, '"’ lt! are 001 -modules and 00 (x 1 ) jl ... ( x d y d acts from IF d (A) n, "' , *‘ i 
to W d (X) il+jl ’-’ id+jd . 

This grading can be extended in the usual way to the grading on the tensor 
product and therefore on the higher level Weyl modules. 

Finally, let us introduce the notation for graded character of any graded module 
W by 

ch d W = tl 1 ... ty • chW* 1 "-**, 

il,..,*d>0 

where ch denotes the usual character of 0 -modules. 

2. One-dimensional case 

In this section let 0 be a simple simply-laced Lie algebra (that is of type A, D 
or E), let b C 0 be a Cartan subalgebra. By R denote the set of roots and by Q 
denote the root lattice of 0 . Let u>\,.. .u r be the fundamental weights. 
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2 .1. Demazure modules. Let g = g<g>C[x _1 , x]©Cc be the central extension 
of g <g) C[x _1 ,x]. Note that the restriction of the central extension to g ® C[x] 
is trivial, so we have g ® <C[x] C g. Let Lk be the integrable level k vacuum 
representation of g, let Wk £ Lk be the highest weight vector. Recall that c acts on 
Lk by the scalar k and Wk is annihilated by the subalgebra g ® C[x] (see m for 
details about g and Lk). 

For a weight A let l\ : g —> g be the automorphism mapping g®x n to g®x n+x ^ 
when g belongs to the root space g a , a £ R, so it stabilizes h® x n when h £ f), 
n / 0 and maps h® 1 to h® 1 + A (h)c. Note that it coincides with the action of the 
corresponding translation from the extended affine Weyl group. Let g[x] = gg)C[x] 
and let g[x]A = ia(0 ® C[x]). In other words, we have 

0Na = t)A © f) ® xC[x] © (J) g Q ® x A(a) C[x] c g, 

where fu consists of h, ® 1 + A (h)c for h £ h- 

Definition 2.1. Introduce the Demazure module over g[x] by 
D(k , A) = l* x ( U (g[x] \)w k ) ■ 

Namely, it is isomorphic to U($[x)\)wk as the vector space, where g[x] acts via 
identification l\ with g[x]A- 

Note that the classical highest weight of D{k , A) is A, that is 
{h ® 1 )wk = X(h)wk for h £ f). 

When g is not simply-laced, this definition needs a modification and only a part of 
weights can be obtained as classical highest weights. 

Proposition 2.2. We have D(l, A)[ fc l = D(k, A). 

\k] [fcl 

Proof. It follows from L[ = Lk- And this is because L\ 1 is integrable and 
generated by the highest weight vector with the corresponding highest weight. □ 

Proposition 2.3. (see also IFF31 , (Sjj Suppose A £ Q. Then Proj (D( 1, A)M) 
is a Schubert cell in the affine Grassmann variety for g. 

Proof. For A £ Q the automorphism i\ is the action of an element of the 
affine Weyl group, so we are in the situation of Fxa.mole ll .71 □ 

Concerning the dimension, one can use the following result. 

Theorem 2.4. FoL i For a dominant A we have 

r 

dim D(k, A) = (dim D(k, iOi)) Xt . 

i=i 

□ 

Proposition 2.5. For a dominant A we have D{k , A) is a quotient ofW 1 (X)^ . 

Proof. The module D{ 1,A) is finite-dimensional and, since A (a) > 0 for a 
positive a, the image of w\ in D(1,A) satisfies 111. Ill , so D(1,A) is a quotient of 
W 1 ( A). 

As D(k , A) = D(l, A)I fc l, the proposition follows from Proposition ^21 □ 
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Conjecture 2.6. (recently proved in IFoLi2h For a dominant A we have 
dim.D(l, A) = dim W 1 (A). 

This conjecture is already proved in sl r case (£2) Also note that we expect 
this equality only for a simply-laced g. Summarizing the statements above, we have 
the following description of the higher level Weyl modules. 

PROPOSITION 2.7. In the case when Conjecture I 2 . fil holds, for a dominant A we 
have lT 1 (A)[ /c l = D{k 1 A), therefore for A £ Q we have Proj (lT 1 (A)[*l) is a Schubert 
subvariety in the affine Grassmann variety. 

2.2. Fusion. For z£ C d let <p(z) be the automorphism of g 0 C[ie] sending x 
to x + z. For a module W over g 0 C[x] define the shifted module W{z) = <p(z)*W, 
so W(z) = W as a vector space and the action is combined with p(z ). 

Let Wi ,..., W n be cyclic modules over g 0 C[ic] such that for a certain N the 
subalgebra g 0 acts on each IV,: by zero. By w \,..., w n denote their cyclic 

vectors. 

Proposition 2.8. EE] If Zi are pairwise distinct then the vector wi®- ■ ■ ®w n 
is cyclic in W±(zi) 0 ■ ■ • 0 W n (z n ). 

Proof. Let 

q[N(z!, .. .,z n )] = g <S> (c[x]/(a; - z^ ... (x - z n ) N C[x]) . 

As the ideal g 0 (x — z\) N ... (x — z n ) N C[x] acts on the tensor produce by zero, 
Wi(zi) 0 • • • 0 W n {z n ) is a module over g[iV(zi,..., z n )\. 

Next note that we have the natural projections pt : g[lV(zi,..., z n )\ -^g[iV(zj)]. 
Then it is known that the direct sum 

n 

®Pi : g[N(zi,...,z n )] 00[^)] 

»=l 

is an isomorphism. Note that the preimage of each g[iV(zj)] belongs to the ideal 
g <8> (x — z i) N ... (a; — Zi-i) N (x — Zi + \) N ...(x — z n ) N C[x]. So we have 

(2.1) U(g[N(zi, ... ,z n )])(wi0- • -®w n ) = (U(g[N(zi)]) wi®- ■ -<H>(L/(g[AT(-„)]) w n 

that is equal to Wi(zi) 0 • • • 0 W n (z„). □ 

Introduce the filtration on g 0 C[x] such that F*(g 0 C[x]) consists of g-valued 
polynomials whose degree does not exceed i. Then gr(g 0 C[x]) = g <8> C[x], so we 
can produce a graded module from any cyclic module. 

Definition 2.9. EEJ For given Z\,... , z n introduce the g 0 C[a:]-module 

Wi * ■ ■ ■ * W n (zi, ...,z„) = gr c (Wi(zi) 0 ■ ■ ■ ® W n (z n )). 

We call it the fusion module. 

Proposition 2.10. For any g®C[x\-modules W \,..., W n we have the module 
(Wi * • ■ • * W n (zi,... ,z n ))^ is a quotient ofW[ k] * ■ • • * ...,z n ). 

Proof. Note that due to the isomorphism EH> we have 

(Wi(z r) 0 •• • 0 W n {z n )) [k] “ W[ k \ zi ) 0 ■ ■ • 0 WW(z n ). 

Then the statement follows from Proposition II .91 □ 
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For any g-module V introduce the evaluation g®C[:r]-module F[0], isomorphic 
to V as a vector space, where g ® zC[.t] acts by zero and g (g> 1 acts as g on V. For 
a set of g modules V\ ,..., V n let us set 

Vi *---*V n (z 1 ,...,z n ) = Vi [0] * • •• * V n [0](zi ,...,z n ). 

Conjecture 2.11. For any simple g and any weights A 1 ,..., A” we have 
(ViX 1 ) * • • • * V(X n )( Zl ,..., Z n )) lk] s VikX 1 ) * • • • * V(k\ n )( Zl ,..., z n ). 

Note that V(kX) = V(X)W, so by Proposition 12.101 the left hand side in this 
Conjecture is a quotient of the right hand side. 

2.3. Fusion of Weyl modules. 

Proposition 2.12. For any X 1 ,... ,X n we have W^A 1 )*- • •*W 1 (A")(zi, ..., z n ) 
is a quotient of W x { A 1 + ■ • • + X n ). 

Proof. One can show that the cyclic vector of the left hand side satisfies OJ¬ 
AS this module is finite-dimensional, the proposition follows from the definition of 
Weyl modules. □ 

Together with Proposition II.91 it motivates the following conjecture. 

Conjecture 2.13. We have 

W\ A 1 )^ * ■ • • * W 1 {X n ) [k \z 1 , ...,z n )^ W\ A 1 + • • ■ + A") [fc l, 
in particular, the left hand side is independent on Zi,... ,z n - 

Theorem 2.14. Conjecture \2 .61 implies Conjecture 12. FA 

Proof. In the case k = 1 Coniecturc l2.Al together with Theorem l2.4l implies the 
equality of dimensions, so this case of Coniecture l2. ldl follows from P roposition l2 .121 

Note that by Proposition ^.lOl the module IT 1 (A 1 )[ fc l *■ ■ •*VF 1 (A n )[ fc l (z \,..., z n ) 
has the quotient 

W x { A 1 ) * • • ■ * W 1 {X n )(zi,..., z n ) [k] “ D(l, A 1 + • • ■ + A n ) [fe] , 

which is isomorphic to D(k, A 1 + • • • + A") as well as to IT 1 (A 1 +-f A")[ fc l. 

By Theorem l2.4l we have 

dim D(k, A 1 + • • • + A") = dim D(k, A 1 ) • ■ • dim D{k, A"), 

that by assumption is equal to dim W 1 (A 1 * • • • * W 1 (X n )^(zi,... ,z n ). So this 

quotient is the whole space and we have the isomorphism proposed in Conjec¬ 
ture rrnn □ 

2.4. gl r case. Now suppose g = g/ r . 

Theorem 2.15. ICLI For g = g l r we have W 1 (X) = D( 1, A). 

So Conjecture 12.61 and therefore Conjecture 12.131 is already proved in this case. 

Note that for g = g l r we have W(u>j) = V(wj)[0], where the right hand side is 
the evaluation representation defined above. 

Corollary 2.16. We have 

y(fcwi)* Al * • • • *V(ku} r -i)* Xr ~ 1 {z 1 ,... ,Z| A |) = D(k, A), 
in particular, the left hand side does not depend on z \,..., . □ 
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So we proved a substantial case of Conjecture 1.8 from [FLY! . And we can deduce 
the similar case of Conjecture 12.11 1 

Corollary 2.17. For 1 < ii ,..., i n < r — 1 we have 

* • • • *V{lLO in )(zi,.. .,z n )) [k] = V(kluj il ) * • • • *V(klu in )(zi, ...,z n ). 

□ 

Remark 2.18. It seems that these two conjectures can be proved also for the 
set of weights ■.., Z n u;»„ using the methods of TT'2: . where fusion product 
embedded into a direct sum of integrable modules. Then the corresponding varieties 
Proj (V * ■ ■ ■ *V (l n u>i n )(zi ,..., 2 n )W) coincide with the generalized Schubert 

varieties introduced and described for g = si 2 in lFF3l . El 

Remark 2.19. Note that due to the result of jj5] on Demazure modules we 
also have a formula for the graded character chiP(fcu;i)* Al * • • • * V (koj r -i)* Xr ~ 1 in 
terms of parabolic Kostka polynomials as expected in [FLlj . 

3. Two-dimensional case 

Now let us consider the case d = 2 and g = gl r . Here we use the partition 
notation for weights of gZ r . 

3.1. Deformation of Weyl modules. Let us recall a construction from 
fFL3) . 

The Lie algebra g l r g Cfa; 1 ,^ 2 ] can be deformed into the Lie algebra g/ r g 
C ( X, Y ), where C ( X , Y) is the associative algebra, generated by X and Y under 
the relation YX — XY = X. The algebra C {X,Y) has the natural representation 
in C \t,t~ l ], where A' acts by multiplication on t and Y acts as td/dt. 

By V denote the r-dimensional vector representation of gl r . Let ,v r be 

the standard basis vectors in V. For a partition £ introduce the gl r <S> C (A, Y)- 
module Vj as the submodule of 

III r 

{V (g C[t,t^ 1 ]/C[t]) , generated by v^ = Vi g t~F 

i=lj=l 

Theorem 3.1. iroi There is a filtration on gl r g C (A, Y) such that the 
adjoint graded algebra is isomorphic to gl r g C^ 1 ,^ 2 ] and gr^Vj is a quotient of 
Moreover, if — ( n ) then gr c V^ = IF 2 (£). □ 

Conjecture 3.2. We have fF 2 (£)[ fc l = gr c (v^. 

Note that for £ = (n) we know due to Proposition Ol that in this conjecture 
the left hand side is a quotient of the right hand side. 

3.2. Relation to Schubert cells. Let us enumerate the basis vectors of V g 
C[f _1 ,f] as follows. Denote Vi by u r j~i+ 1 . 

For a partition £ = £1 > • • • > > 0 introduce as the ordered set of 

numbers 771 < 172 < • • • < ri n , n = |£|, equal to lr — s with 0 < s < £f, l = 1 , 2 ,..., 
where is the transposed partition. So 

= /\ Ui. 

i£v(Z) 

Then our modules are related to Example Ol as follows. 
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Proposition 3.3. We have = T(Sh v ^,0(k))* and Proj = Sh v ^. 

Proof. Note that Vj is indeed a submodule of /\' s U, where 
U = V®(t~ N C[t]/C[t]), N = £ 1} 

or, in other words, U = (u <) i=1 Nr . 

The action of gl r ®C (X. Y) on U defines a map from gl r ®C (X , Y) to End(E/) = 
gZjy r . It is shown in IfP that the image of this map is the “block upper-triangular” 
Lie subalgebra p mapping each Ui to a linear combination of Uj with the integer 
part of (j — 1 )/r not exceeding the integer part of (i — 1 )/r. Then is the 
p-submodule of /\' s ' U, generated by v® k . 

Let b C End(U) be the Lie algebra of upper-triangular matrices, that is endo- 
morphisms mapping each u, to a linear combination of Uj with j < i. Consider 
the projection p + : p —> b along the subspace of strictly lower-triangular matrices. 
Since for any g G p we have gv® k = p + (g)v ® k , the subspace is indeed the 
b-submodule generated by v® '. 

So we are in the situation of Example 11.81 □ 

Set n = |£|. For a matrix A = (a^), i = 1... k, j = 1... n, of positive integers 

\k] 

introduce the functional u* A on by 

k n 

«a = 0 A<r 

*= 1 3 =1 

Corollary 3.4. EE Let 

Xllj ^ — {A — (nij) I O'H ^ * * * ^ 1 C; a±j ^ ^ cikj A Vj }■ 

Then elements u* A with A G form a basis in . □ 

[Ail 

Remark 3.5. Another way to describe the set Mi, is the notion of plane 
partitions. Recall that a plane partition of shape A is a filling of the diagram of 
partition A by non-negative integers weakly increasing along rows and columns. Let 
PP x {k ) denotes the set of such plane partitions, filled by integers not exceeding k, 
and let pp x (k) denotes their number. 

Then we have the following bijection between PP x (k) and yVl|^, where A = 
(r]n — n > • • • > 771 — 1). For any plane partition from PP x {k) let a^- — j be the 
number of integers in n — j + 1-th row less than i. Then the set (a^) belongs to 
and one can see that it gives us a bijection. 

Remark 3.6. Note that Conjecture 13.21 implies that Proj (W 2 (£) 1*1) is a de¬ 
generation of the Schubert variety S h v (£). 

Ik] 

3.3. Module structure. First let us calculate the character of as gl r - 
module. By Corollary 13.41 it can be written as follows. 

Proposition 3.7. We have 

c hv^ k] = y n^ m ° d ,, 


where omodr takes values from 1 to r. 


□ 
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Let Tf be the map from the Grothendiek ring of representations of the sym¬ 
metric group T n to the Grothendiek ring of g^-modules defined by 

In other word, it maps the representation of T n corresponding to a partition £ to the 
gZ r -module corresponding to the same partition if £ r+ i = 0 and to zero otherwise. 
Recall the notion of skew Schur function: 

s x\u = n Xk v ' 

k ij< k i+l,j > k ij < k i,j +1 

and the representation of £|a|_m 

n X\U = ^ 


where are the Littlewood- Richardson coefficients. The representation 
corresponds to the symmetric function as follows. 

Proposition 3.8. m We have 


Gh^Al-H (^Av) = s X\ii{ x li ■■■,x r ,0,0,...). 


□ 


At last for representations 7 Ti of T ni and 7 r 2 of T n2 introduce the outer product 

7Tl © 7T 2 = Ind^ TTl 7T2- 

Note that we have T r n (n i 0 7 r 2 ) = i) © Ff(Tr 2 ). 

For our purpose introduce the following representation. 

Definition 3.9. For a partition £ set n = |£|. Then the Higher Parking 
Functions representation of T kn is given by 

n 

CPFM n (0= 0 

0 = A°CA 1 C •CA n = fc n 5=1 

where is the transposed partition and k m = (k > ••• > fc), where m is the 
number of entrees. 


Remark 3.10. For k = 1 this representation is the tensor product of the sign 
representation and the representation in p-parking functions introduced in ESI 
for p = (1^!2^ 2 ...), that is the partition where each j appears times, and is 
the transposed partition. 

Proposition 3.11. We have = T' kn ^CPF^ gn (^) j as gl r -modules. 
Proof. It is enough to compare the characters. 

For A = (0 = A 0 C A 1 C A 2 C • • • C X n = k n ) introduce the set A-f(A) 
consisting of matrices (a,y) such that 

ati<-< a in , aij < ■■■ < a k j , r(s - 1) < a t j < rs for (i,j) <= X s \ A s_1 . 
Then is union of Ad (A) for all A satisfying X s D , s = 1... n. 
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Next note that 


e n 

AeM( A) i,j 


Ddr — 


n 


E 


n 


x ka 


S=1 r>ky>l, (i, j) £ A 3 \ A 3 “ 1 




by setting = aij mod r. And the right hand side is equal to 

n / n 

= chJ r ;„ O 7r A s \A 3 - 1 


\s=l 


□ 


Remark 3.12. The module IF 2 (£)[ fe ] is bi-graded and one of these grading 


\k\ • 

remains in as the grading by degree of t. This grading can be also viewed in 


CPFsign^) by fixing l Al 


| A" | in the direct sum. 


3.4. Dimension formula. The dimension of T(Sh r] , 0(k)) is given by the 
following Hodge postulation formula. 

Theorem 3.13. IHEHSH For r] = (771 < • • • < ri n ) we have 

'Vj + k-j' 


dimT(S/i I) , 0(k )) = Det 


i + k j J J 1 <i,j<n 


□ 


For the case £ = (n), that is 77 = (r, 2r,..., nr), let us deduce an explicit 

(r) 

formula. Note that for k = 1 it gives the higher Catalan number Cn (see e.g. 

wm) 


dim F( n) = CW := 


1 / r{n + 1 ) 


n + 1 


Theorem 3.14. We have 


(3.1) 


dim V) = n 


(.jr + k-j)\ (kr + jr — 1 )! (j - 1 )! 


7=1 


(jr — 1 )! (kr + jr-j)\ (k + j-1)1' 


Proof. Let d l}j (k,r) = ( 7 +fc-/)' We have dim P(nj = Det ( d Ll)i<i,j<n- 
First let us make the entrees of this matrix polynomials in k and r. To do it 


note that 


, (i \ C jr + k-j)\ , 

dij(k,r) = — — , , — — ] d i ^ j {k,r) 


(k — j + n)\(jr — 1 )! 1,0 
for d[ j(k,r) = (k—j+i + l) n - i (rj — i + l) i - ll where (to)* = to(to+ 1 ) ... (m+i — 1). 
So 


dimV^] = A(k,r)l[—A- 


(.jr + k-j)\ 


(■ k-j + n)\{jr - 1 )!’ 


A(k,r) = Det (, d! itj (k,r)) 




Note that A (k,r) is a polynomial in k and r of degree n{n — l)/2 in k and of 
the same degree in r. 

Let us show that A (k, r) = 0 for r = b/(a + k), 1 < b < a < n. In this case for 
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so the rows of this matrix are linearly dependent. 

As the polynomials kr + ar — b : l<b<a<n are irreducible and have 
no common divisors, A (k,r) is divisible by J~[ (kr + ar — b) and therefore 

1<6<a<n 

proportional to this polynomial. 

Then note that the maximal degree term in A (k,r) is equal to 

Det(t“-*wr‘) isu& = Del (i‘-‘) lsus „ = 

= (itr)" ( ”" 1,/2 (a-b). 

1 <b<a<.n 


Summarizing, we obtain 


dim v (n) = IT (a - b) (kr + ar - b) ——- 


(Jr + k — j)\ 


(k — j + n)! (jr — 1)! 

l<b<a<n j =1 V J W ’ 

At last writing this in the uniform way using 

n («-»)=no-m, n (tr + <> r -f,)=n ( ' :r+jr - i)! 

1<b<a<n j= 1 1 <6<a<n 


(kr + jr- j)V 


and Y\^ = i{k—j+n)\ = rij=i(^+i — 1)!, we obtain the statement of the theorem. □ 

Corollary 3.15. We have 

(,jr + k-j)\ (kr + jr- 1)! (j - 1)! 


dim IT 2 (nwi)^ > 


=i (i r ^ 1 ) ! (kr+jr-j)\ (k + j-1)1 


□ 


Remark 3.16. To the best of our knowledge the product formula for the num¬ 
ber of plane partitions pp x (k ) in the case A = (nr + p,(n — l)r + p, ■ ■ ■ , r + p,p), 
has been obtained for the first time by R.Proctor (unpublished manuscript dated 
January 1984, but see E, Corollary 4.1, for the case r = 1). As far as we aware 
the first published proof of the product formula for pp x (k) in question, is due to 
C. Krattenthaler fKri. We refer the reader to (ESP, p.550, for an elegant product 
formula for the number pp x (k ), due to R.Proctor, as well as for additional historical 
comments. We include a (new) proof of Theorem 3.14 since it directly furnishes 
the product formula ED which is more suitable for our purposes. 


Remark 3.17. Using the same method we can prove more generally that for 
A = (n(r — 1) +p, (n — l)(r — 1) +p, ■ ■ ■ ,r — 1 + p) we have 


pp x (k) = Det 


( frj +p + k- j 

V V i + k-j 


l<i,_7<n 


n (jr + p + k - j)\ _ (kr + jr + p - 1)! (j - 1)! 

■_ ± (Jr + p — 1)! (kr + jr + p — j)\ (k + j — 1)! 

(r) 

The observation that the higher Catalan number Cn is equal to the number 
of plane partitions pp( n (' 1 )>("- 1 )( r '- 1 )>-"> r - 1 )(i) can b e generalized to the natural 
bijection between the set of trapezoidal paths |L] of type ( n,p,r ) and the set of 
plane partitions pp((" -1 )( r-1 )+zv > r-1 +p)(l). 
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